The effective action of N = 2 supersymmetric 5-dimensional supergravity arising from compactifications of M-theory on Calabi-Yau threefolds receives non-perturbative corrections from wrapped Euclidean membranes and fivebranes. These contributions can be interpreted as instanton corrections in the 5 dimensional field theory. Focusing on the universal hypermultiplet, a solution of this type is presented and the instanton action is calculated, generalizing previous results involving membrane instantons. The instanton action is not a sum of membrane and fivebrane contributions: it has the form reminiscent of non-threshold bound states.
Introduction
Nonperturbative effects in compactified string theories and M-theory can often be understood in terms of Euclidean wrapped branes. The study of such effects for M-theory and type II string theory was initiated by Becker, Becker and Strominger [1] . In the case of M-theory on a Calabi-Yau there are two types of effects: those arising from membranes wrapping special Lagrangian submanifolds and those from fivebranes wrapping the whole Calabi-Yau.
The simplest setting for a treatment of these effect is given by focusing exclusively on the universal hypermultiplet. This multiplet (leaving aside global issues [2] ) is independent of the detailed structure of the Calabi-Yau. For M-theory and type IIA string theory compactified on a rigid Calabi-Yau manifolds (with h 2,1 = 0) the universal hypermultiplet is the only hypermultiplet.
Hypermultiplets of N = 2 supergravity in four and five dimensions parameterize quaternionic manifolds [3] . Classically the universal hypermultiplet lives in a SU (2, 1)/U (2) coset [4] [5] . Some aspects of perturbative corrections to the universal hypermultiplet obtained by dimensional reduction of higher derivative terms in M-theory were discussed in [6] [7] [8] . On the other hand membrane and fivebrane instantons [1] will provide nonperturbative corrections to the metric on the moduli space of the hypermultiplets in the five dimensional supergravity. The study of such effects was continued in [9] , which in particular investigated charge quantization and the breaking of continuous isometries of the quaternionic manifold due to instantons.
After compactification on a circle M-theory reduces to IIA superstring theory and the the M5 brane and M2 brane instanton will become a NS-5 brane and D2 brane instanton respectively. Instantons corresponding to wrapped D-branes can also be described using boundary states [10] and their effects can be analyzed [11] aanalogously to D-instantons in ten dimensional IIB theory [12] .
Membrane instantons in compactifications with more supersymmetry were discussed [13] [17] . Membrane instantons in manifolds of exceptional holonomy (and N = 1 supersymmetry) were discussed in [18] .
Solutions of ten dimensional IIB supergravity corresponding to D-instantons were first obtained in [19] , see also [20] [21] [22] . These instantons carry "charges" associated with shifts of the pseudoscalar fields. In the case of the universal hypermultiplet there are three pseudoscalars (in the four dimensional language they are the NS-NS axion and two RR-scalars).
In this paper the N = 2 supergravity arising from dimensional reduction of eleven dimensional supergravity [23] on a Calabi-Yau threefold is studied with the intention of learning about nonperturbative corrections to the hypermultiplet moduli space arising from membranes and fivebranes wrapping Calabi-Yau cycles. Instanton solutions are found which carry all three of the charges which descend from membrane and fivebrane charges in 11 dimensions. By adding appropriate boundary terms to the Euclidean action the instanton action is evaluated. An interesting aspect of the result is that it is not a sum of membrane and fivebrane contributions, but has the form characteristic of a non-threshold bound state.
Section 2 reviews compactification of 11 dimensional supergravity and exhibits the quaternionic geometry and the isometries relevant to subsequent considerations. Section 3 discusses supersymmetry preservation conditions. The solution is given in section 4.
Section 5 is devoted to discussion of the charges and the evaluation of the instanton action. Section 6 presents the broken and unbroken supersymmetries and offers some remarks on computing the fermion determinant. Some conclusions and a discussion of the results is given in section 7.
Eleven dimensional supergravity on a Calabi-Yau manifold
This section reviews the reduction of eleven dimensional supergravity on a CalabiYau threefold. The bosonic part of the action of eleven dimensional supergravity [23] is given by
The supersymmetry transformation of the gravitino in eleven dimensional supergravity is
The notation here is that A, B denote tangent space indices and M, N denote world indices.
Dimensional reduction of eleven dimensional supergravity on a Calabi-Yau manifold (with vanishing G-fluxes), produces five dimensional N = 2 supergravity with h 1,1 − 1 vectormultiplets and h 2,1 + 1 hypermultiplets [24] . The rest of the paper will focus on the dynamics of the universal hypermultiplet, which is present in any Calabi-Yau compactification.
The coordinates are split according to x M = (x µ , y m ), with x µ , µ = 1, · · · , 6 parameterizing the internal Calabi-Yau space and y m , m = 0, · · · , 4 parameterizing the transverse space. The ansatz for the metric is
where ds The other fields in the universal hypermultiplet are the three form potential C mnk (which is dual to a scalar) and two real scalar fields χ 1 , χ 2 defined by
where
Using (3) and (4), the bosonic part of the action for the universal hypermultiplet is given by
In the following we set the five dimensional Newton constant κ 5 = 1 for notational convenience. In order to exhibit the quaternionic structure of the hypermultiplet moduli space the four form field strength has to be dualized. This is accomplished by introducing a
Lagrange multiplier field D and modifying the action as follows:
Integrating out D enforces the Bianchi identity dF = 0 and one recovers the original action (5). If, on the other hand, one integrates out F the dual description is obtained.
The equation of motion for F is given by
Using this relation the dual action becomes
In this dualized form the four scalars in the universal hypermultiplet parameterize the
. There are three isometries of this space which are associated with shifts of the axionic fields χ,χ and D these act like [5] [6] [9] .
with constant infinitesimal parameters ǫ = ǫ 1 + iǫ 2 and δ. These isometries are broken to a discrete subgroup by instanton effects [9] .
Charges
Solutions of the supergravity equations of motion may carry charges which descend from the fivebrane and membrane charges of M-theory. The solution of interest here are characterized by three charges associated with shifts of D, χ andχ: these correspond to fivebranes wrapped on the entire Calabi-Yau manifold, and to membranes wrapping 3-cycles in the Calabi-Yau manifold respectively. The topological charge associated with the fivebrane is given by
The two membrane charges are the Noether charges associated with shifts of χ andχ:
where χ ∞ andχ ∞ are the asymptotic values (at r = ∞) of χ andχ respectively. Unlike the Noether charges Q 2 ,Q 2 the charges q 2 ,q 2 are invariant under shifts of χ ∞ andχ ∞ . This behavior can be traced to the presence of the Chern-Simons term in the eleven dimensional supergravity action (1).
Supersymmetry
The focus of interest here are instanton solutions which preserve four of the eight supersymmetries of the d = 5 N = 2 supergravity. The supersymmetry transformation for the five dimensional fields can easily be derived from the eleven dimensional ones (2) (see e.g. [25] ). The hyperino transformations are given by
These transformations can be succinctly expressed in terms of a two-by-two matrix M (with gamma matrix entries) as δξ i = M i j ǫ j . Supersymmetry transformations for the gravitini are given by
Supersymmetry transformations for the dualized action (8) are given by eliminating F in (12)(13) using the relation (7). The supersymmetry transformations then take on the standard form for N = 2 hypermultiplets [3].
Instanton solution
An instanton in a supergravity theory is a solution to the Euclidean equations of motion which is localized in the five dimensional (Euclidean) space time. It carries charges associated with shift symmetries of (axionic) scalars. There is an important sublety concerning the question how these axionic scalars are treated when the action is continued from Minkowski to Euclidean signature. The point of view assumed here 1 is that one multiplies the (real) pseudoscalar fields by a factor of i (this changes the sign of the kinetic term for χ,χ). The action (5) then becomes
An important simplifying assumption is that the solution is taken to be rotationally sym- 
The Ansatz for the metric is particularly simple: in the Einstein frame, the metric is flat g mn = δ mn . In addition the following Ansatz for the 4-form field strength is made:
The Bianchi identity for F then implies that H is harmonic, hence
The normalization here has been chosen so that the parameter Q 5 appearing above is the fivebrane charge, as defined in the previous section.
Using (16) the equation of motion for σ derived from the action (14) is given by
and the BPS condition (15) becomes
These equations simplify due to the assumed symmetry. By combining (15) and (18) χ,χ can be eliminated and one obtains an ordinary differential equation equation for σ alone:
where the prime denotes differentiation with respect to r. It is straightfoward to check that
is the most general solution of (20) , provided that the following relation between the parameters σ ∞ , b 1 , b 2 and Q 5 holds:
The equations of motion for χ andχ following from variations of (14) which vanish at the boundary 2 read ∂ n e σ ∂ n χ − ∂ n Hχ = 0 ,
Due to radial symmetry these equations can be integrated once and one gets two first order differential equations
where α,ᾱ are integration constants. Note that the charges (11) are related to the integration constants in (24) by Q 2 = αQ 5 ,Q 2 =ᾱQ 5 .
These equations are easily integrated, and the result is
The integration constants α,ᾱ can be related to the asymptotic values of the fields χ,χ at infinity:
So far only one linear combination of equations (15) and (18) has been used. Requiring that these are both satisfied in addition to (22) imposes a second condition on the parameters:
The two relations (22) and (27) determine the parameters b 1 , b 2 in (21) in terms of the asymptotic value of σ and the charges,
Exchanging b 1 and b 2 in the solution, corresponds to exchanging χ 1 and χ 2 . In the following section it is shown that the instanton action is independent of the asymptotic values of χ, χ at infinity.
Note that choosing the five dimensional metric to be flat is consistent, since the stress tensor derived from (14) vanishes on shell.
In general the instanton solution constructed above carries three charges Q 5 , q 2 ,q 2 and naturally generalizes the solutions carrying only a single charge given in [1] [9] [20] .
The Euclidean instanton solutions have an interpretation as (complex) saddle points of the Euclidean action which describe tunneling between vacua with different charges. Note that away from asymptotic infinity solution becomes complex, since the form of the solution (25) implies that only in the limit r → ∞, χ is the complex conjugate ofχ.
The instanton action
The Euclidean action (14) is not invariant under constant shifts of χ,χ. The invariance under such shifts can be restored by adding a total derivative term to the action (14):
Under constant shifts of χ,χ the action S ′ transforms into itself up to a term proportional to the equation of motion.
Adding a total derivative term is equivalent to adding a boundary term to the action and this does not change the equations of motion. The boundary term does however contribute to the instanton action. Using the solutions of the equations of motion in the action (29) gives
(the equation of motion (19) was used to express the action as a total derivative). Evaluating (30) using the solution for σ given in (21) together with (28) leads to
Note that, as expected, the boundary term in (29) removes the dependence of the instanton action on α,ᾱ (or equivalently on χ ∞ ,χ ∞ ). The weight with which an instanton contributes in physical processes is given by exp(−S inst ). Just as in the case of the θ term in the action for Yang-Mills instantons the only dependence on the asympotic value of the axionic scalars D, χ,χ is given by a phase factor exp(iθ)
This term will imply that only discrete shifts of the axionic scalars are a symmetry when instantons are taken into account [9] . In the path integral this term has the role of a boundary term imposes fixed boundary conditions on the charges [26] [27].
This form of the instanton action generalizes the instanton actions for a single charge.
When two of the three charges Q 5 or Re(q 2 ), Im(q 2 ) are set to zero it reduces to the familiar expression for the fivebrane and membrane instanton actions.
Reduction of the five dimensional theory on a circle relates M-theory compactified on a Calabi-Yau manifold to Type IIA string theory compactified on the same CalabiYau. The five-dimensional universal hypermultiplet turns into the four dimensional one.
The Calabi-Yau volume (breathing mode) σ is mapped to the four dimensional dilaton by σ = 2φ IIA [6] [9] . The four dimensional instanton action is then obtained by this replacement. The resulting dependence on the string coupling g = e φ IIA is what is expected for NS-fivebrane and D2 brane instantons respectively.
Broken and unbroken supersymmetries
The explicit form of the unbroken supersymmetries can be determined from the conditions (12), (13) . Substituting the condition δξ i = 0 into δψ i = 0 gives the following equations for the supersymmetry transformation parameters ǫ i :
Using the explicit form of σ given in (21) and H given in (17) one finds
whereǫ 1 ,ǫ 2 are constant spinors. The four unbroken supersymmetries are then found by demanding that δξ i = 0. Using (34) this condition reduces to a matrix equation for theǫ i .
Note that the BPS condition (27) The explicit form of the four-fermion terms will not be discussed here, but it is easy to see that the fermionic zero modes will be normalizable. As defined in (12) the hyperino transform as δξ i = M i j ǫ j . In the instanton background one has det(M ) = 0 whereas the trace of this matrix M is given by 2/3γ r ∂ r σ. Hence the broken supersymmetries will correspond to the eigenvector with eigenvalue 2/3∂ r σ. The norm of the broken supersymmetry |δξ| 2 will therefore contain
This expression behaves like 1/r 8 as r → ∞ and like 1/r 2 as r → 0. Hence |δξ| 2 /|ǫ| 2 has a finite integral over R 5 and the broken supersymmetries will be normalizable. In principle one can use the explicit form of the solution to calculate the form of the instanton induced terms.
Discussion
This paper presented a solution of the Euclidean equations of motion for the universal hypermultiplet in five dimensional N = 2 supergravity, which generalizes solutions which carry only one charge (and reduces to them in the limit when two of the three charges are set to zero). The action of the instanton has interesting properties. The action of a multiple charge instanton is not the sum of the actions of the instantons carrying a single charge is characteristic of a "non threshold bound state". This means that the instanton cannot be separated, i.e. a configuration of single charged instantons at different spacetime points would not be supersymmetric. Since the fivebrane and two brane solutions preserve different supersymmetries this has to be the case. In [29] [30] a solution of eleven dimensional supergravity in flat space was found which can be interpreted as a non threshold bound state of a M2 brane within a M5 brane. In [31] it was shown that the tensions behave exactly as in (31) .
It would be very interesting to understand the geometric conditions for the supersymmetric wrapping of a Euclidean M5 brane on a Calabi-Yau which follow from the existence of BPS instantons in analogy with the analysis in [1] . Presumably one would need to understand the Euclidean fivebrane worldvolume theory [32] [33] in the presence of three form fluxes [34] [35] . Since the worldvolume action of M5 branes is considerably more complicated than the one of M2 branes this is not straightforward, see however [36] , where the M5 brane worldvolume theory is related to Kodaira-Spencer theory. The use of calibrations might also prove useful in this respect.
The classical saddle point of the Euclidean action discussed here is however only the starting point of an instanton calculation. In particular, integration over fermionic zero modes and the evaluation of fluctuation determinants would have to be performed to obtain an explicit form of the corrections to the hypermultiplet moduli space metric.
Fermionic zero modes can be analyzed to some extend within the framework of supergravity as briefly indicated in this note. However, as discussed in [18] , the rules for calculation of the fluctuation determinants are not properly understood M-theory, unlike in field theories where a second quantized path integral is at our disposal. This is obviously an important open problem. As is sometimes the case of D-instantons the best hope might be to use heterotic -type II duality which relates spacetime instantons of type II to world sheet instantons of the heterotic side to learn something about the instanton calculus for N = 2 backgrounds.
